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An analytical model appropriate for thermoelastic generation of acoustic waves in anisotropic
materials is presented for both plane and line sources. The interaction of acoustic waves produced
by subsurface sources with the bounding surface is accounted for using a method of images. For the
plane source case, analytical solutions are found that form an appropriate basis for an angular
spectrum of plane waves. For the line source case and for specific crystal symmetries and source
orientations, it is shown in the limit of strong optical absorption, a buried line source is equivalent
to applying a shear stress dipole at the bounding surface. However, contrary to the isotropic case, the
character and strength of the equivalent surface stress is a function of propagation
direction. © 2004 Acoustical Society of AmericdDOI: 10.1121/1.1690080
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I. INTRODUCTION Spicel’® developed analytical solutions for thermoelastic
generation in transversely isotropic materials by a laser line
Since the early 1960s there has been considerable intesind laser point source.
est in generating acoustic waves using pulsed laser irradia- For picosecond acoustics, work specific to elastically an-
tion. The early experimental work in this field used low rep-isotropic materials has been primarily experimental in nature
etition rate(10 Hz) Q-switched lasers with nanosecond pulseand typically involves acoustic propagation in high symme-
lengths for acoustic generation(nanosecond laser try directions'®?? Recently, Hurleyet al?® have reported
acoustics’ ™ A large part of the modeling effort for nano- generation of picosecond shear waves using an ultrafast
second laser acoustics has relied on replacing the las@ump probe method. This study involved laser generation of
source with an equivalent set of stress boundary conlongitudinal waves in an isotropic aluminum film. A portion
ditions2“ This equivalent stress distribution, which takes theof the longitudinal wave was mode converted to a shear
form of a shear stress dipole for isotropic material, hasvave at the interface between the isotropic film and aniso-
proven to be extremely useful in describing many features ofropic substrate. The shear acoustic waves were detected us-
laser generate@thermoelastic regimeacoustic waveforms. ing an off-axis polarization sensitive detection scheme.
For instance, the epicental waveforfithe surface acoustic In this article both planél1-D problem geometjyand
waveform! and the displacement directivity pattéfrare all  line (2-D problem geometiythermoelastic sources, appro-
modeled accurately using a set of stress boundary conditior®iate for picosecond and nanosecond laser acoustics in elas-
that are equivalent to a thermoelastic source in the limit otically anisotropic half-spaces, are examined in detail using a
strong optical absorption. method of images to satisfy the stress boundary conditions.
In the mid-1980s a second type of pulsed laser acoustickhe method of images in general involves finding the solu-
emerged that used high repetition rate§0 MHz) ultrafast tion to a particular boundary-value-problem by introducing a
laser pulses- 100 fs) to generate and detect acoustic pulsedictitious source(image sourcgin a boundless medium that
with pulse durations of a few picosecondsThe temporal- together with the actual source satisfies the boundary condi-
resolution-afforded picosecond acoustics has enabled r&ions. This method, which is employed routinely for electro-
searchers to concentrate on relating the source characteristigiaitic problems, does not find the same popularity in dy-
to fundamental physical processés'® The modeling effort namic elasticity since, for typical applications, satisfying
for picosecond acoustics typically involves 1-D models thatoth the shear stress and normal stress conditions at the
exploit the simple experimental geometfy. boundary is not possibfé.For the 1-D case considered in
For nanosecond acoustics, work specific to laser sourcdBis manuscript, the method of images is applied in a very
in anisotropic materials has been reported by Every angtraightforward manner enabling an analytical solution for
Sachsé? In their work, data interpretation concentrated onthe displacements. In the 2-D case, a hybrid version of the
wavefront analysis. By contrast, Mourad al,'® used the method of images is used to obtain an equivalent set of stress
Cagniard—deHodp method to obtain numerically the solu- boundary conditions for a limited set of crystal symmetries/
tions for laser excitation in an anisotropic half-space where itine-source orientations.
was assumed, in analogy to the isotropic case, that the laser
source could be modeled as a shear stress dipole applied latTHEORETICAL DEVELOPMENT

the material surface. In a similar approach Hurley and  the following equations provide a general description of
thermoelastic generation in anisotropic materiaksain rate
dElectronic mail: hurldh@inel.gov coupling has been neglected

2054 J. Acoust. Soc. Am. 115 (5), Pt. 1, May 2004  0001-4966/2004/115(5)/2054/5/$20.00 © 2004 Acoustical Society of America



For the 1-D case the solution depends onlyxgrwhile the
2-D case depends on bath andx;. The transformed equa-
tions take the form

N-u=S, (4)

where barred quantities refer to transformed variableshand
and S which are functions of the transform parameters are
define in the Appendix. The transformed displacements are
decoupled algebraically giving

=5y

D,=deiNy),

(5)
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FIG. 1. Source/sink specifications. The axis/plane of the line/plane source/ Do= de(N)= dO(K Kl)(K KZ)(K K3)’

sink is perpendicular to the; axis and parallel with the, axis. The sepa- where N. is obtained fromN by replacing theith column
|

ration plane is perpendicular to the axis and is midway between the . . . .
source and sink. The crystal axes coincide with the prime coordinate systerM”th Sand ki are the roots ODO' Using partlal fractions the

Inset: Conceptual illustration of the shear stress distribution at the separatidifansformed displacements may be represented as
plane resulting from the source/sink combination for the 2-D case. 3
Aij Di(x;j)

TS (=D T (K k) (K k)

Ui
ki Tij—pCT+Q=0, CiyU—pUi=p5iT,;. (1) . . ®)
ri#), ra#), ra#ry,
The first equation is the linearized heat conduction equation . - .
and the second is the equation of motion for a linear elasti(‘fvhere the ?jmp“t.Udef coelfflc!enltls%ij , are fl..II”ICtIOI’]S. ?f
material. The material constante} , /;, Clj, p, andC, propagation direction for elastically anisotropic materials.
are defined as the thermal conductivity tensor, the thermal ) .
pressure tensor, the elastic stiffness tensor, the mass densify, One-dimensional case
and the specific heat respectively. The components of dis-  The Fourier inversion now may be written as
placement and temperature are definedi;aand T. In this _
development the crystal axes, which coincide with the prime A \F d » E(w,8,X3)
coordinate system, have an arbitrary orientation relative to UiXs:9)="5" \ 7 ox fo S (w?— w?)
0 3 i
the unprimed axes¢Fig. 1). The crystalline symmetry as it
relates to the various tensor symmetries will be discussed in - _ Aij @)
detail in the following sections. Since strain-rate coupling Y iwE(w,s,X3)’
has been neglected, the solution to the heat condyction equa- E(w,5,x,) = (e~ 10sxs=al _ givshs+al)
tions can be sought without considering the elastic equations 7173 '
of motion. Given that the spirit of this article is to provide where the substitutions=sw, has been made to facilitate
analytical insight into the role of elastic and thermal anisot-the transform inversio The realw axis is identified as the
ropy in thermoelastic generation of acoustic waves, heat difFourier inversion path and the imaginavyaxis is identified
fusion will be neglected®® The temperature fields for both as the Cagniard paff:?®?° Since all the poles lie on the
the 1-D and 2-D case are found by taking the temporal inteimaginary » axis, the Fourier inversion is accomplished by

(O]

gral of the absorbed laser energyo): summing the residues along the imaginanaxis:
T1.o=ToH(D[8(xg—a) - S(x+a)], fEW_SXs) v miRed L&1SXa)
?) 0 (0= wf) )

Top=ToH(1) 6(x1)[6(x3—a) = s(xz+a)],
[ E(wj,S,X3)
whereT,=0,/pC. The source, which is concentrated a dis- = 20, . ®

tance+a from the surface, is associated with an increase in__
temperature and the image soufsink), which is concen- Given that the dependence og has been recovered, the

trated a distance-a from the surface, is associated with a Stresses at the separation plang<0) can be evaluated:
. . 26 . , , ,
decrease in temperatuf€ig. 1).?° The solution procedure 031 =Chj1ais 3+ Chjpalin s Chjatis 5= 0. )

for the elastic displacements for the 1-D and 2-D cases in- _ ] _
volves applying a Fourier/Laplace transform to remove def: detailed analysis of the stress can be circumvented by not-

pendence on the spatial and temporal variables: ing that the displacements are of the form
P _
1 © (o - uj o _2(87 ws|xz—a| _ e ws\x3+a|)' (10)
F(771K1S): 2_j f J’ f(Xl=X31t) 6X3
aqJ-oJ—-—xJ0 X . i
' . Since the displacement components are even functions about
x el tinxs=stgtdx dxs. (3)  the planex;=0, it follows that the stresses at the separation
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propagation direction. The strong dependenceGgf on
propagation direction is illustrated in Fig. 2. The material
constants are for single crystal Gaubic and the initial
orientation corresponds to the prime axes coinciding with the
unprime axes. The solution is solved repetitively as the
sample is rotated about the axis.

B. Two-dimensional case

For a two-dimensional source, analytical solutions exist
only for certain crystal symmetries and for certain source/
observation orientation's:® However, instead of finding ex-
pressions for the displacements, the emphasis of this section
will be on prescribing a set of stress boundary conditions that

is equivalent to a center of thermal expansion located at the
bounding surfacé® Much of the groundwork has already
been done in the previous section. The symmetries/
orientations that will be discussed are given in Table | and
correspond to cases for whi€h, can be split into two parts,
one of second order and one of forth orderxinPhysically

this corresponds to waves that are polarized in theX3)
plane. Performing the same mathematical manipulations
ngjven in the preceding section, the displacements can be rep-
resented as

1 1 1
0 20 40 60 80 100 120 140 160
Rotation Angle

FIG. 2. Amplitude coefficients versus rotation about theaxis [values
have been normalized usi@3(0= 0)]. Top: solid line corresponds to nor-
malizedKl1 [i.e., G11/G35(#=0)] and bottom line corresponds to normal-
izedA;[i.e., G11/Gss(#=0)]. Bottom: solid and dashed line correspond to
normalizedK31 andK33, respectively.

plane must be zero. Thus for the 1-D case, a source a
image sink satisfy stress free conditionxgt 0 and, hence,

the separation plane can be identified with the bounding —inA. E(k)

: . - — LY
plane of an elastic half-space. Furthermore, this combination ~ U1(7,«,S) T, 2
of thermoelastic source and image sink in an unbounded me- 0 !
dium is equivalent to a thermoelastic source in an elastic 'KK31 E(k)

half-space. Since the image sink produces a modal amplitude  Us(7,«,S)= d
distribution that is of equal magnitude and opposite sign to 0
that of the source, mode converted waves are not required to
satisfy the stress-free boundary conditions. This, however, i
not the case for the somewhat similar problem of two half-
spaces having different orientatiofis’® Dependence on time
is recovered using a table of Laplace transform-pairs giving

H(Xs_a)H(t_aj(Xs'f' a)) c
7
Ui(X3,t) = 28
(11)

—H(a—x3)H(t+ w;(x3+a))
—H(Xg+a)H(t—w;(xz—a)) -
+H(—x3—a)H(t+w;(x3—a))

As a check on the ;olutlon, it can be shown that .the €198 e next step in the process is to evaluate the stresses at the

vectors correspondmg to the. homogenequs soluuon can bseeparation plane. Applying both a Laplace and Fourier trans-

K)rmed from appropriate ratios of amplitude coefﬂuents,form to eliminate dependence oq and time, the trans-

ij . However, contrary to the homogeneous solution, e, o4 stresses at the separation plane for all the cases ex-
displacement waveforms given in Eq41) form an appro- %Iuding case 4 in Table | are represented as
c

priate bases for an angular spectrum of planes waves whi
could be used in the calculation of acoustic diffraction result-
ing from 2-D and 3-D thermal sourcés. _
To elucidate the effect of elastic anisotropy on the 733 7:X3:8)=—
source strength, consider a material with cubic symmetry foBy noting thatu; andus ; are both odd functions of, the
which the amplitude coefficient can be separated into twahormal stress evaluated at the separation plane is necessarily
terms: zero. However, the shear stresgg, is nonzero at the sepa-
AT 8,G: (12) ration plane. If, in addi.tion'to the source/sink cpmbiqation, a
ij 10PN shear stress of opposite sign and equal magnitude is applied
wheref, is a function of both elastic and thermal constahts at the separation plane, a stress free state is achieved at the
and G;;, which is a function of only the elastic constants, separation planéFig. 1 insel. Thus the combination ofl)
gives the variation of the displacement amplitudes withsource, (2) sink and (3) shear stress applied at the

E(k)=e3x—g iax, (13

Bependence oIz is regained using a table of transform
pairs and is given as

Ui(7,X3,8)=— EWE(M 1X3),
i

ZKSJ IE(Kj,X3)

2 don &X3

E(Kj) — e Kjlxa—al _ g—«jlxgtal

U3( 77!)(318): ’ (14)

013(1,X3,8) = —i nCiglz+ Ceely 3,

R , — 15
i 7C1aU;+ Caglis 3. (19
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TABLE I. The seven crystal symmetries/line-source orientations considered. Crystalographic axes are defined
asX, Y, Z andR45°(x,) refers to a 45° rotation about the axis. Cases 1-3 and 5-7 give the strength of the
shear stress dipolé&,, 5, in terms of the elastic constants in the nonrotated fréireg the crystallographic axes
coincide with the unprimed axgs

Structure Cubidl) Cubic (2) Cubic (3a,3h Cubic (4)
Orientation R45°(X,) Xq[|X R45°(X5) Xo||Y (a) R45°(x3) X3lZ RO(X5), X1 X, || Y
() Xq,X5,Xg|XYZ
I'13/Bo Cu1+2Cus—Cop 4C,, C11—Cyp N/A
C11+C1o1+2Cy, C1y+Cyo+2Cyy Cu
Structure Hexagondb) Tetragonal(6) Orthorhombic(7)
Orientation X3l|Z X1,X5,X3[| XY Z X, X2, X5l| XY Z
e B11C33~ B3C13 B11Cs3~ B3C13 B11C33~ B33Ci3
C33 C33 C33

separation plane is equivalent to a source in an elastic hal&fford a simple analytical solution contrary to the other cases
space. At this point inverting the shear stress would be difficonsidered.

cult if not impossible analytically. However, if the source and

sink are brought together at the separation plane, they ne¢d. CONCLUSION

essarily annihilate, leaving a very simple expression for the

. This paper examines the implication of elastic anisot-
applied shear stress:

ropy as it relates to thermoelastic sources. For the 1-D case,
a set of analytical solutions was found for all crystal
137, X3=0,8) = ——=Tol 13, symmetries/source orientations. These solutions form an ap-
sy2m propriate bases set for an angular spectrum of plane waves.
For the 2-D case in the limit of strong optical absorption and
(16)  for specific crystal symmetries and source orientations, a
buried line source was shown to be equivalent to applying a

The functional form of the equivalent surface shear stress ighear stress dipole at the bounding surface. However, con-
a dipole, similar to the expression given by Rdstowever, trary to the isotropic case, for an arbitrary sample orientation,
in this case the amplitude of the dipole is a function of crys-the equivalent surface normal stress was nonzero and the
tal symmetry and sample orientation. Table | gives the fornfquivalent surface shear stress was not a simple dipole. This
of I'y3 for some symmetry/orientation combinations for has important implications since the temporal evolution of
which D, is separable in the fashion stated earlier. displacement waveforms is strongly related to the character
Similar to the 1-D case, consider a cubic system forof the source. For instance, in isotropic materials, displace-
which T';; can be separated into two components, one that i§1ent waveforms related to laser ablatfomhich are accu-
purely elastic and one that depends on both thermal and ela&ately modeled using a normal point force, are markedly dif-
tic constantgcases 1-4 in Table.INow consider cases 3a ferent than waveforms related to thermoelastic generation.
and 3b in detail. The surface normal for these two sample
orientations coincides and, hence, experiments correspon@CKNOWLEDGMENTS
ing to 3a and 3b can be performed using the same sample. The author wishes to express his gratitude to Dr. J. B.
The amplitude of the shear stress dipole for cases 3a and 3yjicer for helpful discussions during the course of this work.
are identical. However, for a sample orientation between!-his work was sponsored by the U.S. Department of Energy,
case 3a and 3b, the equivalent surface stress is no longer ih¥fice of Science-BES, Materials and Engineering Physics

the form of a shear stress dipole. program under DOE Idaho Operations Office Contract No.
Now consider case 4 where the sample has been rotatgsi=_Ac07-99I1D13727.

by some arbitrary angle about tlxg axis. For case 4, the
transformed stresses take the from

d8(Xq)

013(X1,%3=0,8) =Tol"15H(1) %,

APPENDIX

13 7,X3,8) = —i 7(Ciiy + Claliz) + Cidly 5 For the 1D casel andS are defined as
+Clels 3, Cyor”+ ps? Clsx’ Cisr’
_ . _ _ _ a7 N= Cler? Ch K2+ ps? Chi?
033(7:X3,5) = —1 79(C1als + Cagliz) + Caglly 3 o whp > '
+Ca3U3 3. (A1)

i nToB1y V27S
i 9ToBs/ V27S

First note that in the rotated coordinate syst€; andCjs B
are no longer zero and, as a result, the normal stress does not S=
vanish. Second, the form of the transformed stress does not
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wjz( Céscfm“’jz - C"15Cé4w12 —Css0)

A oo = e D=k
AT F: :ij(C§4C§5wj2—CQSCé5wj2—C§4p)
217 "ore (Kj_Krl)(Kj_Krz) ’
4 12 ’ ’ 2 ’ ’ 2 (AZ)
_ 0 (Cye—CLeCl) + wip(Cest+Chy)—p
A, IToBo= j (a5 55C44) j 55T Caa) ,

(Kj_Krl)(Kj_KrZ)
rl¢j1 r2¢j1 r2¢rl'
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Ny3=Cy117°+ Caqc®+ ps?, Nyz=(Cyqt Cyp) nk=Ngy,
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